TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 351, Number 5, Pages 1947-1974

S 0002-9947(99)02160-1

Article electronically published on January 27, 1999

LOCAL TOMOGRAPHY WITH NONSMOOTH ATTENUATION

A. I. KATSEVICH

ABSTRACT. Local tomography for the Radon transform with nonsmooth at-
tenuation is proposed and justified. The main theoretical tool is analysis of
singularities of pseudodifferential operators with nonsmooth symbols. Results
of numerical testing of local tomography are presented.

1. INTRODUCTION

The theory of Single Photon Emission Computed Tomography (SPECT), which
is widely used in nuclear medicine, is based on the attenuated Radon transform:

f@® (6, p) :/ f(p© +t01) exp (—/ w(p® + s@L)ds) dt,
oo .
O = (cosf,sinf), O = (—sinb, cosh).

(1.1)

Here f(x) is the density of some radioactive isotope inside a patient, and the co-
efficient p(x) characterizes attenuating properties of tissues. The coefficient u(x)
is assumed to be known, and f is to be determined from the data f(q’) 0,p),0 €
[0,27),p € R. If the attenuating properties of the medium can be neglected, the
reconstruction procedure is equivalent to the classical Radon transform inversion.
In most cases attenuation cannot be neglected [De, p.17], and the problem of in-
verting the transform (1.1) becomes very complicated. Explicit inversion formulas
exist only in the case when u(xz) = const [TM] or when p does not depend on x
and depends only on the direction in which radiation propagates [KS]. In general,
when ¢ depends on z, no inversion formula is known.

It turns out that although exact inversion of (1.1) is not possible, one can recover
the singularities of f. The basic idea consists of computing not f, but Bf, where
B is an elliptic pseudodifferential operator (PDO). Moreover, if B is appropriately
chosen, calculation of Bf is local. To compute Bf at a point x one uses the to-
mographic data f(®)(6,p) for 6 € [0,27) and |[p — © - 2| < ¢, where € > 0 can be
chosen arbitrarily small. If the order of B is positive (in practice, the order of B
equals 1), the singularities of f are better visible in Bf. A group of methods based
on computing Bf is known as local tomography. The first local tomography for-
mulas were proposed by Vainberg et al. [VKK] and Smith and Keinert [SK] for the
classical Radon transform. Further investigation of local tomography is contained
in [FRS], [FFRS], [K2], [KR1], [KR2], [KR3], [R1], [R2], [R3], [RK]. An approach
to local inversion of the classical Radon transform based on wavelets is proposed in

Received by the editors May 30, 1996 and, in revised form, November 13, 1996.
1991 Mathematics Subject Classification. Primary 35599, 44A12, 65R10, 92C55.

©1999 American Mathematical Society

1947



1948 A. I. KATSEVICH

[BW]. Later, local tomography was developed for the generalized Radon transform
[KLM], [K1], [RK].

Usually one assumes that the attenuation coefficient p(z) is a C*° function of
x, because this assumption allows one to use the classical theory of PDO (see e.g.
[Shu]) for the analysis of the tomographic reconstruction [Be], [K1], [KLM], [RK].
This, however, appears to be very restrictive, because in many cases the attenuation
is not smooth: as an example, one can think of a bone/soft tissue interface, where
the attenuation coefficient u(z) experiences a jump. It appears that no results
are known in the literature about the behavior of tomographic reconstructions in
the case of nonsmooth attenuation. Although many strong results on PDO whose
symbols have limited smoothness have been obtained (see e.g. [BR], [GU], [Mal],
[Ma2], [MU], [Ta], and references therein), these results cannot be applied to the
analysis of problems which occur in emission tomography because of the specific
nature of the singularities of the resulting symbols. For example, one frequently
assumes that the symbols are C*°-smooth with respect to the dual variable £ (see
e.g. [Tal), but the symbols which will be considered below are not smooth in &.

The main purpose of this paper is to develop a theoretical basis of local tomog-
raphy for the Radon transform with nonsmooth attenuation, and to demonstrate
by numerical experiments the validity of the theory.

In Section 2 we introduce a local tomography formula and state the main theo-
rem. A proof of this theorem is based on four lemmas, which are stated and proved
in Sections 3 and 4. Application of the result to conventional tomographic recon-
struction, which ignores attenuation, is described in Section 5. There exist several
methods for attenuation correction in emission tomography (see e.g. [Kun] and
references therein), but they are, for the most part, iterative in nature and do not
always guarantee convergence. In particular, the algorithm in [Kun] cannot be used
in the case of piecewise smooth u, which is considered here. A simple algorithm
for the attenuation correction, which allows one to find correct values of jumps of
f, is described in Section 5. Using the theorem in Section 2 and results in [K1], we
describe an algorithmic implementation of local tomography in Section 6. Results
of numerical testing of the algorithms are presented in Section 7. Section 8 contains
auxiliary results needed for the proof of the main theorem.

2. STATEMENT OF THE MAIN RESULT

Consider the attenuated Radon transform (1.1), which can be represented as
follows:

(2.1) [ = | 1@)%(,00(p-©-2)de,
where
(2.2) D(x,0) = exp {— /000 w(x + t@L)dt} ,

and p(z) is the attenuation coefficient. In (2.1), (2.2), and everywhere below,
the variables 6, ©, and ©1 are always related as follows: © = (cos#,sinf) and
O+ = (—sind, cos ).

Let us suppose that p is piecewise smooth, and denote I' = singsupp . We sup-
pose that I' is a union of finitely many smooth nonintersecting curves. Assumptions
about p and I' are formulated more precisely in Theorem 1, below.
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Introduce the local tomography function f /(;b) by the formula
7( ®
(2.3) / F$2(0,0 - z)do

where ﬁ(pq;) = 92f(®) /9p?. The function fA was introduced for the generalized
Radon transform with smooth weight in [KLM]. Substituting (2.1) into (2.3) and
using the well-known oscillatory integral 6(t) = (2m)~! [T exp(iAt)dA, we get

(2.4) (@) Vf(y)e = dyde,

where

(2.5) b(y,0) = % [exp {— /OOO wy + t@ﬂdt} + exp {— /OOO w(y — t@ﬂdt}] .

It is easy to check that b(y,0) = b(y,0 + 7). Using this property and writing the
integral in (2.4) in the polar coordinate system, we get

{// / (y,0 _i"@'(””_y)dydﬁozda},
151 JR2

where £S5 is an arbitrary half of the unit sphere S*.
Let us introduce the following notation. For x € T, Lp(x) denotes a line tangent
to I' at x. Given any domain D C R?, we denote also

(2.7) I'p:={zel: DnNLp(zx) # 2}

In other words, I'p is the closure of the set of points of I" such that lines tangent to
I" at these points intersect D (see Figure 3.1, below). Given a set A C R? U(A)
denotes an e-neighborhood of A. In particular, Uc(xg) is a ball with center xy and
radius € > 0.

26)  fP(2) =

Theorem 1. Suppose that f and p can be represented in the form
Z Jie(@)x g, ( Z/uc )X,k (

where the sums are finite, fi,up € C°(R?), and Xk, Xuk are the characteristic
functions of the bounded domains Dy, D, 1, respectively. Boundaries of the do-
mains Dy j, are piecewise smooth, and boundaries of the domains D,, . are smooth.
Suppose that

3D#,k1 ﬂaD#,]Q =g, k1 # ko,

and for any pair k,j either 0Dy, NOD, ; = @ or 0Dy = 0D, ;. In the latter
case, the boundary 0Dy is smooth. Denote S = |J, 0D and T' = |J, 0D .
Then

(2.8) singsupp fN[(:I)) cSurpu ULj ,
J
where L; are the lines such that
(a) L;NnD #+ g,
(b) L; is tangent to T,

and at least one of the following conditions holds:
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(c1) Lj is tangent to S UT' at more than one point, or
(c2) the radius of curvature of T' at T' N L; equals infinity.

Fiz any xo € S,x0 € T'U(U; Lj), such that S is smooth in a neighborhood of .
Let n(xo) be a unit vector perpendicular to S at xo, and D¢(xo) be the jump of f
at xg:

Dy(wo) = lim [f(zo + hn(xo)) — f(zo — hn(xo))].

—+

Then

2.9) fP@) = b(“’ﬁﬂlm {/OOO U4 (t, x)e“hdt} . @ =z + hn(xo),

where b is defined by (2.5), and V(t,z) € C([0,00) x Ue(xp)) for some € > 0.
Moreover, Wy admits the asymptotic expansion

(2.10) \Iff(t,x) ~ Df(fl‘o) + Z dkt—gf)’ t — 00, di € C°(Uc(xp)),
E>1

which can be differentiated with respect to t and x.
Fiz any xo € T'p,x ¢ SU (U, L;). Let n(zo) be a unit vector perpendicular to I
at xo, and D, (x0) be the jump of p at xo:

Dy(wo) = 1im [p(zo + hn(wo)) — u(zo — hn(zo))]-

Then
2.11)  f\P(2) = _Wm {/OOO \I/“(t,:z:)e“hdt} . @ = w0 + hn(x),
where
- At )= [ "o = | - sman) | o+ tnGao)
2.12 > K

# [T [ [ uteo+ ontan) s st imtan) i

and U, (t,z) € C*([0,00) x Uc(x)) for some € > 0. Moreover, ¥, admits the

asymptotic expansion

di,
t

(2.13) U, (t,z) ~ D,(zo) + Z ix)’ t — oo, di, € C*°(Uc(xo)),

k>1

which can be differentiated with respect to t and x.
Fiz any zg € SNT,z ¢J; L. Then

) (g = Aol { /0 S, x)e“hdt}

™

: A(xo, p, °° ,
(2 14) _ (xOZTrM f) Im {‘/O \I/M(t, x)ezthdt} ,

x = x0 + hn(xg),

where the functions Uy and ¥, have the same properties as above.
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FIGURE 2.1. Illustration for Theorem 1. Not all the lines L; are shown.

Remark 1. Basically, Theorem 1 asserts that the discontinuities of p do not inter-
fere with the discontinuities of f at almost all points 2 € S\ T'. Moreover, as
equations (2.9) and (2.10) show, the leading singular term of the local tomography

function f/(\q)) in a neighborhood of S depends explicitly on values of the jump of
f across S. Therefore, the latter can be recovered in the same fashion as in the
case of smooth attenuation (see Sections 6 and 7 below). Numerical experiments
presented in Section 7 confirm this conclusion and show that the lines L; do not
cause considerable distortions in local tomography images. However, theoretical
analysis of the behavior of fj(\q)) in a neighborhood of L; remains an open problem
at present.

Remark 2. Equations (2.9)—(2.14) imply that if Dy(xo) # 0 at any zo € S, and
A(zo, p, ), Dyu(zo) # 0 at any xo € I'p, then SUT'p C singsupp f/(\q)).

Proof of Theorem 1. Given a function f, let f Xb) [f] denote the local tomography
function corresponding to f. Fix sufficiently small €, > 0. Define three domains:

Vi=Uc[|JLi |, Vo=Us(S)\ Vi, Vs =supp f \ (V1 UVa),
J

(see Figure 2.1) and three functions x., € C§°(U,(Vin)),r = min(e, §)/2,m =1,2,3,
such that x,, =1 on V,,, and an:l Xm(z) =11if x € supp f. Denote fr, = xm f-
The function fs is piecewise smooth. According to the assumptions in Theorem 1
and by construction, there is no line L which satisfies conditions (a)—(c) formulated
in Theorem 1 with D = supp f,. Using a partition of unity, represent f5 as follows:
fo = Zk f2,k, where each of the functions f;j satisfies the assumptions in either
Lemma 2 or Lemma 3 (see Section 4). Appealing to these lemmas and using that

~/(\<D) [f] is linear in f, we conclude:

L. singsupp f"[f2] C (51 V2) UTsupp 1o

2. the behavior of f[(:b) [f2] in a neighborhood of z € SN V,, x € T, is given by
(2.9), (2.10);

3. the behavior of fj(\q)) [f2] in a neighborhood of & € Tgypp 1., € S, is given by
(2.11)~(2.13); and

4. the behavior of fj(\q)) [f2] in a neighborhood of z € SNTsypp 5, N V2 is given by
(2.14).
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Here it is understood that in formulas (2.9)—(2.14) one should replace f by f.

Clearly, f3 € C§°(R?). By construction, there is no line L which satisfies condi-
tions (a)—(c) with D = supp f5. Similarly, using a partition of unity, represent fs
in the form f3 = >, f3 1, where each of the functions f3 j, satisfies the assumptions
in Lemma 1 (see Section 3). Appealing to Lemma 1, we conclude:

5. singsupp f/(cb) [f3] C Tsupp f4, and
6. the behavior of f/(\q)) [f3] in a neighborhood of x € T'gypyp £, is given by (2.11)—
(2.13) with f replaced by fs.

Using Lemma 4 (see Section 4), we conclude:
7. singsupp fj(\(p) [f1] € Vi UTsupp 51, and

8. the behavior of fj(\q)) [f1] in a neighborhood of € Tgupp s, \ Vi is given by
(2.11)—(2.13) with f replaced by f.

Since Vi — U;Lj as € — 0, Vo — S\ (U; L;) as €,6 — 0, and f/(;b)[f] =
Nj(\q)) [fi] + fj(\q)) [f2] + f/(\q)) [f3], combining items 1-8 above proves Theorem 1. I

Everywhere below we use the notation from Theorem 1. In particular, Dy and
D,, denote values of the jumps of f and p, respectively, and n(x) denotes a unit
vector perpendicular to a curve (either S or I') where « is located. Similarly, R(x)
denotes the radius of curvature of a curve (either S or I') where x is located. It
is always assumed in what follows that the functions f and p satisfy not only the
assumptions formulated in the corresponding lemmas, but also the assumptions in
Theorem 1.

3. LEMMA 1

Lemma 1. Let the following assumptions hold.
1. f € C§ (D) and diamD is sufficiently small, so that
(la) For any direction © € S there is at most one line perpendicular to ©
and tangent to I'p;
(1b) diamD < infyer, R(z);
2. no line which intersects D is tangent to I' at more than one point; and
3. the radius of curvature of ' is finite at any z € T'p.

Then
(3.1) singsupp fj(\(p) cI'p,
where T'p is defined by (2.7). Fiz any xo € T'p. Then

_ A o0 ,
(3.2) f/(;b)(x) = —Mlm {/ v, (t, ;v)e”hdt} .« =xz0+ hn(zo),
7T 0
where A(zo, p, f) is defined by (2.12), and ¥, (t,z) € C*([0,00) x Uc(zo)) for
some € > 0. Moreover, ¥,, admits the asymptotic expansion (2.13), which can be
differentiated with respect to t and x.

Proof. Let Q C 5 be a set such that for any © € Q there is a point y € D with
the following property: the line L(0) := {z(t) = y+tO*,t € R} is tangent to T (see
Figure 3.1). Let z¢(6) be the point of contact of the line L(f) and I'. According
to Assumption (1a), the mapping 6 — z¢(6),0 € Q, is one-to-one. Suppose, for
example, that the half of the unit sphere %Sl is chosen so that the directions
© € Q C 15! point away from the center of curvature of I' at 2o(f). Thus, 2 is
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FIGURE 3.1. Illustration for Lemma 1.

the set of unit outward normals to I'p. Let € > 0 be sufficiently small. Then I"
splits U(I'p) into two (possibly multiconnected) sets: U} (I'p) and U (I'p). Let
U= (T'p) be on the interior side of ' and U} (I'p) be on the exterior side of T'; that
is, the directions © € Q point from U (I'p) to U (I'p). In view of (2.4), the first
step is to find the asymptotics of the integral

(33) 10.0) = | W0 vdy. o — o,

when © € Q. Denote po(0) = xo(0) - ©.
Using the assumptions in Theorem 1, denote also

pins(T) = Z Mk (:Z?)X#,k(ilf), Hsm = K — Hns-
aDM,kr]ﬁ“D;ﬁz
Clearly, it = ftsm~+ins, and the functions p,s and s, have the following properties:

1. pins € C®(U(T'p) \T) for some € > 0;
pns # 0 in Ue_(FD);
pns =0 in UF(Tp);
psm € C*(Ue(I'p)); and
the lines {z(t) = y +tO+,t € R},y € D,O € Q, intersect the discontinuities
of pgm transversely.

Fix any © € Q and p < po(6). Let t = n(0,p) and ¢t = v(6,p) be the points of
intersection of the line {p© + tO+ ¢t € R} and T in a neighborhood of z((f) (that
is, n(6,p),v(0,p) — x0(f) - OF as p — po(#)). Assumptions 2 and 3 in Lemma 1
imply that if p is sufficiently close to po(6), then there are precisely two such points.
Put y = pO© + tO~ in (3.3) and rewrite the integral in (3.3) as follows:

O

(3.4) 1(0,0) = /OO G(6,p)e'Pdp,
where
(3.5) G(8,p) :/ b(p© + tO1,0)f(p© + tO1)dt.

By Assumption (1a) in Lemma 1, any line {p© + tO+,t € R},p # po(#), that
intersects D is transversal to I'. This implies (see Proposition 1 in Section 8) that
G(0,-) € C*(R\ pp(0)). Let us investigate the singularity of G(6,p) as p — po(6).
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Substituting (2.5) into (3.5) and using the fact that u,s = 0 in U (I'p), we find
that for p sufficiently close to po(8),p < po(0):

2G/(0, ) :/_"Oo exp{—/nyunsds—/too MsmdS} Fly)at
o ZO exp {— | too usmds} F(y)dt
o Con{- | :umds— /: pands )i
. / ”exp{_ / pnsls — [ OousmdS}f(y)dt
# [Tew{ [T nash s
o exp{— /n s = [ ; usmds} s

where we have dropped the arguments of 7 and v and used the convention [ pds =

J u(pO +s0+)ds. Proposition 2 in Section 8 and Theorem 4.5.1 of [RK, p.106] (see

also [RK, pp.112-114]) imply

(3.7)

(77(9717) + V(07p))/2 = 11[}1 (eap)v p S po(e)v 1/’1(9ap) S OOO(Q X [po(ﬂ) - E,po(e)]), .
i

V(eap) - n(eap) = ¢2(97p)(p _pO(a))gE)v 2(9,]9) € COO(Q X [p0(9) - G,po(a)]),
where (p — po(6))— = max(po(f) — p,0). The notation

$(0,p) € C(Q x [po(0) — €, p0(0)])

means that ¢ is C°° in a neighborhood of any (6,p) € Q x [po(0) — €, po(0)], where
e > 0 is sufficiently small. Using (3.7), properties 4 and 5 formulated above (3.4),
and Proposition 1 in Section 8, one can easily show that the integrals

(n+0)/2 o () /2 ¢
/ exp {— / usmds} F()dt. / exp {— / usmds} F()dt.
— 00 t — 00 —00
[e'e) [e'e) [e'e) t
/ exp {— / usmds} F)dt, / exp {— / usmds} f ()t
(n+v)/2 t (n+v)/2 — 0

€ C™(Q x [po(0) — €, p0(0)]).

Changing variables v = t — (n4v)/2, expanding pns(x),x € UZ (I'p), in the Taylor
series in a neighborhood of z = x¢(#), using the series representation for the expo-
nentials containing p,s, and taking into account (3.7), we prove that G(6, p) admits
an expansion in smoothness of the type G(6,p) ~ > 1~ gx(0)[(p — po(6))%7]
po(6), where gi.(f) € C>(Q). This is equivalent to the existence of two functions
1,2 such that

(3.8)
G(6,p) = ©1(0,p)(p — po(0)2° + ©2(0,p), 1.2(0,p) € CF(2 % [po(6) — €, po(6)]).

Let us find the leading singular term of G(6,p) as p — po(6). Keeping only the
highest order singular terms (p — po(#))%® and, in particular, dropping all the

k
P —
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smooth terms, we find that

26(0,) ~ (1= ins(0:9) [ exp{— / N usmds} o

— 00

[ ol [ s
[ ol [
w[Ce{= [ s} s
R

=it e~ [ ; s | £

~ —fins (0, p) [/j}o exp {— /too usmdS} fy)dt
+Awwp{i[;%m%}ﬂwﬁy

where [i,s denotes the classical Radon transform of p,s. Theorem 4.5.1 of [RK,
p.106] implies
(3.10) fins(0,p) ~ —24/2R(0)Dpu(0)(p — po(0))2°,  p — po(0),

where R(6) := R(zo(f)) is the radius of curvature of I" at x¢(¢), and D, (0) is the
jump of p(z) across I' at xo(#). Taking into account the formulas 7(6,po(6)) =
v(0,po(0)) = z0(0) - ©F and

o] o] t t
/ pds = / Hsmds, / pds = / Hsmds,
t t o oo

if p=po(6), po(0)O© +tO" € D,

and using (3.9), (3.10), we obtain an explicit expression for the leading singular
term of G(6,p) as p — po(6):

G(8,p) ~ A(xo(0), 1, £)V/2R(0)Du(0)(p — po(0)°°,  p — po(6),
0 )
(3.11) A(zo(0), 1, f)=/ exp {—/t u(z0(9)+s@i)ds] fxo(0) + tO+)dt

+_ZOO exp [— /_too p(wo(0) + S@L)ds] f(xo(0) + O )dt.

Using (3.4), (3.11), and well-known results on the asymptotics of the Fourier trans-
form (see e.g. Lemma 14.5.5 in [RK, p.421], and [W, pp. 77-79]), we get

(3.12) 1(0,0) = Wy(0, )ei7P0 (9
where

ck(0)
(3.13) Uy (o,0) ~ Z S

k>0
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(3.14) co(0) = —A(z0(0), p, f)v/2R(0) D, (0)T(1.5)e ™,

and I'(t) is the gamma function.

By assumption 3 in Lemma 1, R(0) < 00,6 € . Therefore Lemma 5.9.1 of [RK,
p.181] implies that po(d) € C°°(£2). This together with equations (3.4) and (3.8)
implies that I(c©) is smooth when © € €. Using (3.12), we conclude that the
function ¥y is smooth.

Clearly, boundary points of the set 2 C S! (which can be multiconnected)
correspond to the directions ©,,, such that the lines {2, (t) = po(6,,)O,, +1O;5,t €
R},m = 1,2,..., are tangent to supp f (see Figure 3.1). Since the directions
O € Q are exterior normals to I' at the points z(6), the definition of the boundary
directions ©,, can be written as follows. Fix any y € x,,(t). Then ©,, is such that

(3.15)
O, € Q and either (r —y)-0,, <0, Vx € D, or (v —y)-©O,, >0, Vo € D.

Condition (3.15) implies that f(z) vanishes with all derivatives as z approaches
the line x,,(t). Therefore, (3.5) yields that G(60,,,p) is C* in p in a neighborhood
of po(6,,). This together with (3.8) implies that all derivatives of 1 (0,,,p) with
respect to p vanish at p = po(0y,). In view of (3.4) and (3.8), the coefficients c¢x(0),
used in (3.13), are finite linear combinations of derivatives of ¢1(6,p) with respect
to p evaluated at p = po(). Thus, ¢, € C§°(Q),k=0,1,....

Let x be any function with the following properties: k(p) € C§°([—e¢, €]) and
k(p) = 1 on [—€/2,€¢/2]. Substituting (3.8) into (3.4) and changing variables, we
find that

1(0,0) = / (1~ w(p — po(6)) G0, p)™ dp
[p—po(0)|>€/2
4 / K(p — po(8))G (0. p)eiPdp
[p—po(0)|<e
- / (1~ w(p— pol6)))G(6, p)e™Pdp
lp—po(0)|>€/2

+ eloro(®) / k(p) [p1(0,p + po(0))p°® + 2(0,p + po())] e”Pdp.

Differentiating the last equation with respect to o and 6, one verifies that the
asymptotic expansion (3.13) can be differentiated with respect to o and 6.

The final step is to obtain the asymptotics in smoothness of f, /(\q))(x). Consider
the integral

(3.16) Jalo,z) := / I(6©)e™ 2 qg = / Wy (0, 0)ei7Po(9)=02) g9,
Q Q

It is well-known that the stationary point of the phase a(6, x) = po(6) — © - = corre-
sponds to the direction ©(z) such that the line {z 4 t©(x),t € R} is perpendicular
to I" at the point of their intersection (see e.g. Lemma 5.9.2 in [RK, p.182]). Fix
any xo € I' such that n(x¢) € Q. Here n(xo) is the unit outward normal to I' at .
Take z of the form = = x + hn(zg). Then, one can readily show that (see Lemma
5.9.2, [RK, p.182))

0%a(0,x)

(3.17) a(0(x),z) = —h,
00? 0=0(x)

= R(ZEQ) + h,
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where R(xo) is the radius of curvature of I' at zo. As it was established above,
ek € C§°(R),k =0,1,.... Substituting (3.13) into (3.16), using the fact that the
stationary point of the phase a(f,x) corresponds to the direction © = n(zg), and
applying the stationary phase method term by term, we get

(3.18) Ja(o,2) = Uy(o,z)e ", © =20 + hn(xo), n(z) € Q,
dk x
(3.19) Uy (o, ) ~ Z ak(“)’ o — 00,
E>0

5]

(3.20) do() = cO<n<zo>>,/R(+’;+hei |

Using (3.14), we can rewrite the last equation as follows:

R(xo)

(3.20") do(x) = —miA(wo, pt, f)D,(20) Rlzo) + 1’

where A(xo, pt, f) is defined by (2.12), and D,,(z¢) is the value of the jump of p at xo.
From the first equality in (3.16) it is obvious that Jo(o, ) € C°([0, 00) xR?). Let V
be an open set containing I'p such that given any x € V we have z = xzo+hn(xg) for
some xo € I'p and h € R, this representation is unique, and the function h = h(x)
is smooth. Clearly, such a set exists and diamV depends only on the geometry of
Ip. In particular, diamV depends on inf,er, R(z). Equation (3.18) implies that
Uy(o,x) € C([0,00) x V). From (3.16)—(3.18) we obtain

s (0,2) = / 4 (0, )i (@(02)=a(0(@)0) gp,
Q

Differentiating the last equation with respect to o and z, applying the stationary
phase method, and taking into account that

(0,2) — al0(),2)lgaey = gpla0,2) —a(®@),2)| =0,

0=0(x)

we verify that the derivatives of Wy with respect to o and x can be obtained by
differentiating the asymptotic expansion (3.18).

Since the set %S’ L'in (2.6) can be chosen arbitrarily, we may suppose that Q C
%Sl. Using (3.18), (3.19), and (3.20) in (2.6), we find that

ga(z) : = #Re {/0 /Q . b(y, G)f(y)e‘we'(r_y)ddeUQdcr}

(3.21) - #Re{/{) Ja(o, x)UQda}
A [T o)

x =x0+ hn(xg), n(zg) €N, x €V,

where the function ¥, has the following asymptotic expansion:

(3.22) U,.(0,2) ~ Dy(wo) + Y d’;(,f), & — 0.
k>1
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Here we have assumed implicitly that A(xg, i, f) # 0 for g € T'p. The coefficients
dr, in (3.22) differ from the coefficients dj in (3.19) by a constant factor. Since the
function /R(zo)/(R(zo) + h) is smooth near h = 0 and equals 1 at h = 0, we
can absorb this function by the integral on the right-hand side of (3.21) without
changing the first term in (3.22).

From (3.21) it follows that x = xg 4+ hn(xzg) & singsuppgq if z € V and h # 0.
Recall that the set V' was defined in the paragraph following (3.20”). Using equation
(22) of [GS, p.360], we see that the integral

(3.23) /OOO o2e 0@V s = 2310 - (y — )] 7 + (=i)?nd" (O - (y — x)),

which is obtained from the definition of g by retaining the integration with respect
to o, is a C* function of 6, z, and y when © - (y — z) # 0. By Assumption
(Ib) in Lemma 1, © - (y — x) # 0 when « € V,y € D, and © € Q. Therefore,
x =z + hn(xg) & singsupp go if * € V and n(zg) € Q.

Suppose now that zg € I' is chosen so that n(zg) € Q. Integrating by parts in
(3.16) and using the fact that derivative of the phase a(f,z) = po(8) — O - « with
respect to 6 does not vanish when © € Q, we see that Jo(o,z) = O(c~>°),0 — 0.
Therefore, x ¢ singsupp gq if © = xg + hn(zo) and n(xg) & Q.

Recall that € was chosen so that for any © € () there exists a line which is
perpendicular to ©, tangent to I', and which intersects D. We have just established
that singsuppga C I'p (cf. (3.1)). In view of (2.6), we have fl(cb) = ga + g9a,
where ' = 151\ Q. Fix any © € Q. The lines {z(t) = y + t0+,t € R},y € D,
are transversal to I'. Using Proposition 1 in Section 8, one proves that G(6,p) €
C§°(De) in the p variable, where Dg is the projection of D = supp f onto direction
©. Integrating by parts in (3.4), we find that I(c®) = O(c~>°),0 — oo; and,
therefore, the function go: is C*° smooth. This argument together with (3.21) and
(3.22) proves Lemma 1. |

4. LEMMAS 2-4

Denote S = singsupp f, and let Qr, and g be the sets of unit outward normals
to I'p and S, respectively, Qr,, Qs C S'. One has

Lemma 2. Let the following assumptions hold.
1. f is piecewise smooth and D = supp f is sufficiently small, so that
(1a) Qp, NQg =D (see Figure 4.1);
(Ib) for any direction © € Qr,, there is only one line perpendicular to © and
tangent to I'p;
(1c) diamD < infzer, R(z);
2. SNTI'=g;
3. no line which intersects D is tangent to SUT at more than one point; and
4. the radius of curvature of I' is finite at any x € I'p.

Then
(4.1) singsupp f/(\q)) Cc SuTlp.

In a neighborhood of I'p, the asymptotics in smoothness of f[(f)) is given by (2.11)-

(2.13). In a neighborhood of S, the asymptotics in smoothness of f/(\q)) s given by
(2.9), (2.10).
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FIGURE 4.1. Illustration for Lemma 2.

Proof. Since Qr, and {2g are compact disjoint sets, there exists an even function
x € C>(S!) such that x =1 on Qr, and x = 0 on Qg. Using (2.6), define two
functions:

2 >~ —100-(x—
gl(x):WRe< /0 /%SI\QS /R X(0)b(y, 0) f (y)e 7O y>dyd902da>,

oo 2 el [ _ T —
n(a) = ot ( [ o L0 x00050) dydo d>.

The proof of Lemma 1 carries over to the analysis of the function g;. By assumption
(1a), the lines {x(t) = y +tO+ ¢t € R}, where y € D,0 ¢ Qg, are transversal to
S. Therefore, as in the proof of Lemma 1, integration with respect to 6 in the
definition of g; can be confined to the set 2. Furthermore, analyzing (3.6), using
the fact that any line {z(t) = p© + tO1,¢t € R} such that 2(t) N D # @ and
O € Qr, intersects S transversely, taking into account assumption (1b), appealing
to Proposition 1 in Section 8, and noting that the points of intersection of the line
z(t) and S are located outside the interval

{z eR?: z=pO +tO",t € [n(0,p),v(0,p)]}, p € [po(0) — €, po(6)],

(see Figure 4.1), we conclude that G(6,-) € C*(R\po(9)),O € Qr,, and properties
(3.8) and (3.11) still hold. The rest of the argument goes without changes, and we
establish that singsuppg; C I'p and the asymptotics in smoothness of g; in a
neighborhood of I'p is given by (2.11)—(2.13).

Furthermore, the lines {z(t) =y +tO+,t € R},y € D,O ¢ Qr,,, are transversal
to I'. Therefore, (1 — x(6))b(y,0) € C>°(D x S1), and we can apply Theorem 5.9.2
of [RK, p.188] (see also [K1] and Proposition 3 in Section 8), which proves that
singsupp g2 C S and the asymptotics in smoothness of go in a neighborhood of S
is given by (2.9), (2.10).

Since f/(\q)) = g1 + g2, this finishes the proof of Lemma 2. O

Lemma 3. Let the following assumptions hold.
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FIGURE 4.2. Illustration for Lemma 3.

1. f can be represented in the form
(4.2) f(x) = ¥1(@)xp, (2) + Y2(2)xD, (), 1,92 € C57(D),

where D = D1 U Dy is the union of two open connected sets Dy, Dy C R?;
2. the boundary S = singsupp f between D1 and D> is a connected smooth curve
that has nonvanishing curvature at every point x € S;
3. D is sufficiently small:
(3a) for any direction © € S* there is at most one line perpendicular to © and
tangent to I'p;
(3b) no line tangent to S intersects the set (either Dy or Ds) that lies on the
interior side of S;
(3¢) diamD < infzer, R(z);
4. p is discontinuous across S, that is S C I'p;
5. no line which intersects D is tangent to I' at more than one point; and
6. the radius of curvature of I' is finite at any x € I'p.

Then
(4.3) singsupp fl(cb) Cc I'p.

In a neighborhood of T'p \ S, the asymptotics in smoothness of f/(\q)) s given by
(2.11)-(2.13). In a neighborhood of S, the asymptotics in smoothness of ffb) 18
given by (2.14).

Proof. Let Dy be on the interior side of S, and D2 be on the exterior side of S (see
Figure 4.2). Using (4.2), represent f as follows:

(4.4) f(@) = Wr(x) = 2(2))xD, (%) + P2(2).

Assumptions 3, 5, and 6, imply that 1, satisfies the assumptions in Lemma 1.
Therefore, Lemma 1 describes the singularities of f/(cb) [f] in the case f = 19 €
C§°(D). Since f/(\q)) [f] depends linearly on f, it remains to analyze the function

~/(\<I)) [fnS]a where fps 1= (1/)1 - 7/’2)XD1-
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Define two functions

2 > —100-(x—
g1(x) = WRG <~/0 /Qs /R2 b(y, 0) frs(y)e 170 y)dydﬁozda) ,

€ ( ) ns - Y yavo-ao |,
2 SR / / b(y, 0) frs(y)e 7 @Y dydho?d
(2m) 0 JisnQs JR2

where (g is the set of unit outward normals to S. Similarly to (3.4), (3.5), define
(4.6)

I(00) = / G(0,p)ePdp, G(6,p) = / b(p© + tOL,0) f,s(pO + tO1)dt.

92(z) =

First, investigate singularities of ¢g1. Clearly, G(6,-) € C*(R \ po(#)) for any 6 €
Qr,. By construction, f,s = 0 in Ds. Using assumption (3b), the analog of (3.6)

becomes v v 00
2G(0,p) =/ eXP{—/ unsds—/ usmds} Jns(y)dt
n t t

v t t
+ X - nsd - Smd }fns dta
/n e p{ /n Hinsds /_Oou s (y)
p € [po(0) — €,p0(0)], © € Qs.

By assumption (3a), the mapping 0 — z¢(0),6 € Qg, is one-to-one. Expanding
tns(x) and frs(x),z € Dy, in the Taylor series in a neighborhood of z((6),0 € Qg,
we see that equation (3.8) holds with some function ¢1 € C°°(Q2s X [po(8) —¢, po(0)])
and @2 = 0. Similarly to (3.9)—(3.11), we find the leading singular term of G(0, p)
as p — po(0),0 € Qg:

60,0~ | [ e {= [ s} s
o= [t} ontir]

~ = 2\/2R(0) D¢ (0)(p — po(9))%°

X % [exp {— /OOO w(zo(0) + s@L)ds}
+exp {— /O 1(zo(6) + s@l)ds}]

= — 2¢/2R(0)D(0)b(x0(0),0)(p — po(0))2°, p — po(0),

where we have used the equality limg ., (9),zep, fns(®) = —Df(0). Therefore, the
analog of equations (3.12)—(3.14) becomes

Ck(e)

O-k+1.5’

1(0©) = Uy(0,0)e" "), Uy (0,0) ~ >
(4.8) k>0

co(0) = 2/2R(0)D;(0)b(0(0),0)T(1.5)e™"

Let y be a boundary point of S, that is, y € SN ID, and let n(y) be the corre-
sponding unit outward normal. Clearly, n(y) is a boundary direction of the set Qg.
Since |fns(x)] < emlz — y|™ as & — y for all m > 0 and some constants ¢, > 0,
this implies that all derivatives of o1 (6, p) with respect to p evaluated at p = po(0)

o — 0,

3
1
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and © = n(y) vanish. Since the coefficients c;(6), used in (4.8), are finite linear
combinations of derivatives of 1 (6, p) with respect to p evaluated at p = po(6), we
conclude that ¢; € C§°(Qs),k=0,1,....

The rest of the argument from the proof of Lemma 1 can be adapted with
almost no changes. Basically, one has to replace —A(xg, i, f) by 2b(xo,n(x¢)) and
D¢ by D, in equations (3.20")—(3.22). This yields that singsuppg; = S, and the
asymptotics in smoothness of g; in a neighborhood of S is given by (2.9), (2.10).

Consider now the function go defined in (4.5). Since D7 = supp fns, we have to
integrate only over the cone with the opening Qr by \S5 which consists of the unit
outward normals to I'p, \ S. Formulas (3.12)—(3.14) still hold provided © € Qr, \s.
The rest of the argument from the proof of Lemma 1 can be used with almost no
changes. Basically, one has to replace f and €2 by f,s and Qr by \S5 respectively, in
equations (3.15)—(3.22). This yields that singsupp g2 C I'p, \\S, and the asymptotics
in smoothness of g in a neighborhood of T'p, \ S is given by (2.11)—(2.13) (with f
replaced by fps)-

Since f = 19 + fns, [ = ¥2 on any line tangent to S, the singularities of the
local tomography function corresponding to 9 are described by Lemma 1 (with f
replaced by 12), and g1 + g2 is the local tomography function corresponding to fys,
we finish the proof of Lemma 3. O

Lemma 4. Denote D = supp f and suppose f satisfies the assumptions in Theo-
rem 1. Suppose also that there exist lines Lj,j € J, such that

(a) L;ND +9;

(b) L; is tangent to T';
and at least one of the following conditions holds:

(cl) Lj is tangent to S UT at more than one point, or
(c2) the radius of curvature of T' at I' N L; equals infinity.

Let ©; be a unit vector perpendicular to L;. Then

(4.9) singsupp fl(cb) cT'puUD*,
where
(4.10) D*:={x eR*: (x—y) -0, =0 for some j € J and y € D}.

Moreover, if Tp \ D* # @, then the behavior of f[(f)) in a neighborhood of any
20 € Tp \ D* is given by (2.11)-(2.13).

Proof. Let Q9. C %Sl be a 2e-neighborhood of the set Uj 0;. Fix a real-valued
function x. € C§°(Q2.) such that xy. =1 on Q.. Define two functions

(4.11)

) = 2 = _ 6—io‘®-(z—y) 0,2 o
91(x) (2m)2 Re </0 »/%Sl\ﬂé Az(l Xe(0))b(y,0) f(y) dydfo”d ) )

g2(x) = #Re < /O h /Q 3 /R ] Xe(0)b(y, ) f(y)e—w@'@—wdydaa?da).

Let us find the singularities of g;. Using a partition of unity, represent f as follows:
f =>4 fr- Denote D; = supp fj and Q) = Qr . The functions fj are chosen
so that they satisfy the following conditions:

supp fy,
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(a) No line that intersects Dy and is perpendicular to © ¢ . is tangent to
I" U singsupp fr at more than one point.
(b) The radius of curvature of T" is finite at any = € I'p, such that n(x) & Q..
(c) diamDy < infyer, R(z).
Following the proof of Lemma 1, 2, or 3, we can describe the singularities of
) [fx]. Suppose, for example, that fr € C5°(R?). Clearly, equations (3.12)—
(3.14) still hold for ©® € Qi \ Q. with f replaced by fr. Instead of (3.16), we

have .
Jo, (0,7) = /Q (1 v (0))[(0©)e— " dg

= [ A= xO) W) OO g
Qe

Equations (3.18) and (3.19) still hold provided n(zg) € €, and the analog of
(3.20") becomes

R(xo)
R(CL‘Q) +h

Clearly, do(x) = 0,2 = zg + hn(zo), if n(zg) € Q.. Following the rest of the proof
of Lemma 1, we see that

singsupp f3"[fi] C {x € T, : n(z) & Q.},

and the behavior of fj(\q)) [fx] in a neighborhood of singsupp f/(\q)) [fx] is described
by (2.11)—(2.13) with f and D, (zo) replaced by fi and [1 — x(n(zo))|Du(xo),
respectively.

In a similar fashion, following the proofs of Lemmas 2 and 3, we find that in all
three cases

do(z) = —mi[l — xc(n(wo))]A(zo, i, fr.) Dy(zo)

singsupp fN[(:I)) [fx] C {z € T'p, Usingsupp fi : n(x) € Qc},

and the behavior of fj(\q)) [fx] in a neighborhood of its singular support is described
by (2.9)-(2.14) with f, D¢(zo), and D, (x¢) replaced by fx, [1 — xe(n(x0))] Dy, (x0),
and [1 — xc(n(zo))]Du(xo), respectively. Therefore,
(4.12) singsupp g1 C {x € I'p Usingsupp f : n(z) € Qe},
and the behavior of g; in a neighborhood of its singular support is described
by (2.9)-(2.14) with Dy(zo) and D,(xo) replaced by [1 — xc(n(zo))]D¢(zo) and
[1 — xe(n(zo))]Dyu(zo), respectively.

Consider now the function go. If z is chosen so that |© - (z — y)| > v > 0 for all
O € Qo and y € D, then equation (3.23) implies that ¢ singsupp g. Since v > 0
can be chosen arbitrarily small, we conclude that
(4.13)  singsuppgs C {x € R?: (z —y) - © = 0 for some © € Qy, and y € D}.

Taking € — 0 in (4.12) and (4.13), we finish the proof. O

5. ON ATTENUATION CORRECTION FOR CONVENTIONAL RECONSTRUCTION

Since no inversion formula exists in the case when u(x) # const, one frequently
ignores attenuation and uses the classical Radon transform inversion formula

(5.1) f®@) = /S/ (f;px_ dp o



1964 A. I. KATSEVICH

for approximate inverting of the attenuated Radon transform data. Substituting
(2.1) into (5.1), we get, smnlarly to (2.4),

[ (@ b(y, £/1€)) f (y)e s =V dyde.

It is easy to see that the followmg analog of Theorem 1 holds.

Theorem 2. Under the assumptions of Theorem 1,

singsupp f(® c SUTp U ULj
J
Fiz any xo € S,x0 € T'U(U; Lj), such that S is smooth in a neighborhood of .
Then

(5.2) f®(z) = b(xo’—:(zo))lm {/000 U (2, z)eithdt} , =20+ hn(xo),

where U r(t,x) € C([0,00) x Uc(xp)) for some ¢ > 0. Moreover, U, admits the
asymptotic expansion

(5.3)  Ty(t,x) ~ fo”‘)) +3 d@f), t — o0, dy € C(U.(x0)),
E>2

which can be differentiated with respect to t and x.
Fiz any zg € I'p,x ¢ SU(U,; L;). Then

F® ) = _Wm {/Oo U,(t, x)e“hdt} , @ =z + hn(xog),
0

where U, (t,x) € C(]0,00) x Uc(xo)) for some e > 0. Moreover, ¥, admits the
asymptotic expansion

Bulta) ~ P £ S ¢ oo, d € (Uil

k>2

which can be differentiated with respect to t and x.
Fix any xo € SN, o ¢ U;L;. Then

i (z) = Mlm { /O T, x)e”hdt}

_ A(CCOnua f) Im {/ \I/#(t, z)eithdt} ,
2 0

x = x0 + hn(xg),
where the functions Uy and ¥, have the same properties as above.

Let us investigate the behavior of () in a neighborhood of 2 € S. From (5.2)
and (5.3), we get

f(<b) () ~ WO’—:(/IO))DJC(%)Im {/100 %eithdt}

D
~ b(ﬁﬁoan(ffo))wsgn(h), x = x9 + hn(xp), h — 0.
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This implies that the value of the jump of f(®) at xy equals b(zo,n(x0))Ds(x0),
which is different from the correct value Dy (z). If the attenuation coefficient p(x)
is known, the value of the jump of f can be recovered as follows.

1. Compute f (®) and locate the discontinuity curve S of f;
2. For a point xg € S, estimate n(xop);

3. Compute b(zo,n(z0)) using (2.5); and

4. Divide the value of the jump of f(®) at ¢ by b(zq, n(x0)).

6. COROLLARIES TO THEOREM 1 AND ALGORITHMIC IMPLEMENTATION
OF LOCAL TOMOGRAPHY

Comparing Theorem 1 and the results in [K1] (see also Proposition 3 in Section
8), we see that the behavior of the local tomography function f /(;b) in a neighborhood
of S = singsupp f in the case of nonsmooth attenuation is basically the same as
that in the case of smooth attenuation. Therefore we can use the results in [K1]
for further analysis of the local tomography function f/(\q)) in the case of nonsmooth
attenuation. These results are of a purely technical nature, and no proofs will be
given. Interested readers are referred to [K1], where detailed proofs are presented.

Fix any zo € S,z0 & T'U (U, L;), such that S is smooth in a neighborhood of

Zo. According to (2.9), the leading singular term of fj(\q)) in a neighborhood of x
is given by
FO) () b(iﬂoa7”0(580))17f($0)1m{/00 1. eithdt} _ b(zo,n(x0))Dy(x0) 1
6.1) "* ™ 0 ™ h’
x =z + hn(xg), h — 0.

Taking into account the second term in the asymptotic expansion of ¥, we prove
that

#@), \ _ b(xo,n(x0))Dy(xo) 1
A () = h

™

(6.2) + c1(x) In|h| + ca(z)sgn(h) + c3(x, h),

where ¢;,7 = 1,2, 3, are smooth functions of z € U.(xg), and c3(x, h) satisfies the
conditions

(6.3) cs(z, h) = O(1), es(z,h) = O(In |h]), h — 0.

0
on°
Numerically, instead of computing f [(:b), we will compute its mollification

64 FP@ = W @) =~ [ [ wl© -2 =)/ 0. p)dpas

where w. = RW, is the classical Radon transform of W,, and W, is a sequence of
sufficiently smooth mollifiers with the properties
(a) We(x) is a radial function, We(z) := W(|z|);
(b) We(z) =0, |z| > €, and Wc(z) > 0, |z] < €
(c) We(z) = e 2Wy(z/e), flwl<1 Wi(z)dr = 1; and
(d) We(r) decreases on the interval [0, 1].

The following result describes the behavior of fj(\f) in a neighborhood of zy € S.
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FIGURE 6.1. The graph of ¥(r)

Theorem [K1].

(6.5)

) (4 + ) = DE0:1(@0)) Dy (0) 1 + O(e)

= —(y o) + ¥y - o) + Ofelne),

where Y. (r) = O(Ine€) is an even function of v, and

blzo.n(a0)) Dy (@) 1 +0(9)

as € — 0. In (6.5) and (6.6) it is assumed that |y| < ¢ < oo. The function ¥ (r)
used in (6.5), (6.6) is odd and equals

(6.6) VI (o) =

™ €

r+1 _
(6.7) W(r) = / wi(r =) .
r—1 t
In the case of the mollifier
1
(6.8) W) = 2520 — 2y, m—g,
™

we have ¢’(0) = 2(m + 1), and the corresponding graph of ¢ is shown in Figure
6.1.

Now let us consider an algorithm for finding values of jumps of f. We will de-
scribe the algorithm which works in the z-domain with the already computed local

tomography function fj(\f) (). This algorithm will be based on equation (6.5). An

algorithm which computes the gradient of f [(;f) in one step and then uses equation
(6.6) for finding values of jumps of f can also be developed (see [K1]).

Let us assume that values of fz(xf) are calculated on a square grid with step size

h: zy; = (a:z(-l),:zrgg)) = (th, jh), i,j € Z. Let us choose a grid node x;,;, on S. Let
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us suppose that h and € are sufficiently small. Then we can rewrite (6.5) as follows:
(6.9)

~ b(xo,n(xg))Ds(x r—x r—x

/(xf)(@% (0, n(0)) Dy 0)1/)< . 4 'no) +1/Je< c 4 'no), To = Tigjo-

s

Fix ni,n2 € N and consider a (2n; + 1) X (2n2 + 1) window around x;,;,. To use
(6.9) for finding Dy (z4,j,), first we need to estimate ng. This can be easily done
by computing partial derivatives:

(6.10)
7(® (D (D (D
D (ig1140) = I\ (@ig—1,o)s A (@i jos1) = FA) (@i jo—1)) '
\/(fz(\f)(xio+1,jo) — PN @io—10)2 + (52 @ig jos1) — JA2) (@ig.jo-1))?

Since ¢(r) is odd and . (r) is even in r, we have

> (wij)%b(M : No)

€

N0%

|’i—i0‘§n1
TE |7—Jdo|<nz
(6.11) Dy (iy5,) =
OI07 " b(@ig 0, No) Z ¢2<xij — Tig o -No)
\i—io|§n1 €
[7—Jdol<n2

Equations (6.1) and (6.5) imply that the larger values of fj(\f) correspond to the
side of S with the larger values of f. Thus, we came to the following algorithm for
estimating values of jumps of f from f/(\f):
1. Estimate the vector Ny by (6.10) and compute b(x;;, No) using (2.5);
2. Compute the estimate of Df(x;;) by (6.11); and
3. The vector Ny given by (6.10) points from the smaller values of f to the larger
values of f.

Suppose now that supppu € D = supp f and there exists zg € T' such that
f € C®°(Ue(xg)) and Lr(xzo) Nsupp u = {xo}. Here Lr(xp) is the line tangent to
I" at zp. In this case we can find the value of the jump of p across I' at x(. Since
1 =0 on Lr(xp), we have

e t
/ w(zo + sn(xo))ds = / w(zo + sn(xo)t)ds =0, teR.
t —0o0

Therefore,

A(zo, 1, f) = f(n(w0), 0 - nw0)) = fP (n(0), 20 - n(0))-

To improve the accuracy of computing A(zg, i, f) in the case of noisy data, we can
use the formula

(6.12) A(zo, p1, f) = % f@)(”(%)v%o “n(xo)) + fA(é)(—n(Jfo)a —Zo - n(%)} .

Note that A(zo, u, f) can be computed using only the data which is available.
Comparing equations (2.9) and (2.11), we see that the jump of p at zp can be
computed using the same algorithm as the one for finding jumps of f, but instead
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1.8

1.3

0.8

FIGURE 7.1. Phantom f used for generating the attenuated Radon
transform data (left panel) and central horizontal cross-section of
f (right panel).

of (6.11) we will use the formula

> (e )

2 ||i—i0“én1
TTE J—70|<n
(6'13) D#(xiojo)z_A(x, o f) — Tii — T ’
injor Hs 2 Tij = Tiojo
O )
li—io|<n1
li—do|<n2

where A(z4,j,, it, f) can be computed by (6.12) with n(zo) = No.

7. RESULTS OF NUMERICAL TESTING

In Figure 7.1, left panel, we see the phantom used for generating the attenuated
Radon transform data. The densities are as follows—exterior: 0, ellipse: 1.3, area
outside the ellipse: 0.8, four small disks off the center: 1.8, the small disk at the
center: 0. The radius of the phantom: 0.9, the half-axes of the ellipse: 0.2 and
0.4, the radii of the four small discs: 0.05. The circle outside the ellipse denotes
the discontinuity curve I' of p. The central horizontal cross-section of the density
function f is shown in Figure 7.1, right panel. The tomographic data were computed
for 350 angles equispaced on [0, 27) and 601 projections per angle.

The density plot of the mollified local tomography function f;(;f) is shown in
Figure 7.2, left and right panels. The attenuation coefficient in this example is
given by p(z) = 0 if |z| > 0.5 and u(z) = 1 if |x| < 0.5. The singular support of
1 shows up in the figure in the same fashion as the singular support of f (which is
in agreement with Theorem 1). In this and the following examples, values of the
local tomography function have been computed at the nodes of a square 201 x 201
grid with step size h = 0.01. As a mollifier, we used the function defined in (6.8)
with the radius of mollification € = 0.03.

The left and right panels of Figure 7.2 depict the same function fj(\f), but the

grey level scale was adjusted in the right panel to make the lines L; € singsupp f XP)
visible. Recall that L; are the lines which satisfy conditions (a)—(c) in Theorem
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F1GURE 7.2. Density plot of the local tomography function f/(\f).
The attenuation coefficient is given by u(z) = 0 if |x| > 0.5 and
u(x) =1if 2| <0.5.

1. The lines L; cannot be seen in the left panel. This indicates that singularity of

NI(\q)) is weaker in neighborhoods of L; than in neighborhoods of S and I'.

The density plots of Dy and D,,, estimated by (6.11) and (6.13), are shown in
Figure 7.3. Only the area |z| < 0.8 is shown in the bottom panel, because f(q’)
is relatively small when |z| > 0.8 and dividing by f(® results in large numerical
values. Central horizontal cross-sections of Dy and D/, are shown in Figure 7.4. In
the top panel, the line with peaks is the graph of the estimated D¢(z), and the big
dots represent positions and amplitudes of jumps of the original density function
f (cf. Figure 7.1). In the bottom panel, the line with peaks is the graph of the
estimated D/, and the big dots represent positions and amplitudes of jumps of s.
In both panels we see a good agreement between the dots and the maxima of the
peaks.

In Figure 7.5, left panel, we see the density plot of f/(\‘f) computed in the case
of an attenuation coefficient given by p(z) = 0.3 if 0.5 < |z| < 0.9 and p(x) =1 if
|z| < 0.5. The density plot of the estimated Dy is shown in Figure 7.5, right panel.
The central horizontal cross-section of Dy is shown in Figure 7.6.

Fix any zg on the boundary of supp f, i.e. |zg| = 0.9. Since f = 0 on any line
tangent to 0D, equation (2.12) implies A(zg, i, f) = 0. Therefore, (2.14) and (2.9)
are identical in this case. This shows that if f has a jump across D, then the
values of the jump can be found using (6.11), and the attenuation coefficient can
be ignored. The results shown in Figure 7.6 confirm the conclusion.

8. AUXILIARY RESULTS NEEDED FOR THE PROOF OF THEOREM 1

Proposition 1 [RK, p.121]. Consider the ray {z(t) = yo + tOf,t > 0} such that
yo € I' and x(t) is transversal to T'. Then X (y,0) = [~ u(y + tOL)dt is a smooth
function in a neighborhood of (yo,00).



1970 A. I. KATSEVICH

FIGURE 7.3. Density plots of the estimated D (z) (top panel) and
D, (x) (bottom panel).

Proof. We have

N

tht1(y,0)
(1) X0 =Y [ ly+t0hyd
k=0 tk(yao)

where z(t(y,0)), k > 1, are points of intersection of the ray {x(t) = y+t0+,¢t > 0}
and T, and to(y,0) = 0. Since the ray {yo + t©7,t > 0} is transversal to I’
and T is smooth, the implicit function theorem yields that the functions tx(y,6)
are smooth in a sufficiently small neighborhood of (yo,f). Since u(y + t01) €
C([te(y,0), tky1(y,0)]), k > 0, the desired assertion follows immediately from
(8.1). O
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-0.5 0.5

FIGURE 7.4. Central horizontal cross-sections of the estimated Dy
(top panel) and D,, (bottom panel).

Proposition 2.

(n(0,p) +v(0,p))/2 =(0,p),
© € Qp <po(d), ¥(0,p) € CZ(Q % [po(0) — €,po(0)]).

Proof. As in the proof of Lemma 1, let t = 1(0,p) and t = v(,p) be the points
of intersection of the line {p© 4 tO+,t € R} and I'. Fix any © € Q and let
z0(8) € T be a point such that n(zg) = 6. Introduce the coordinate system with
the origin at xg and z;-axis pointing in the direction ©. A local equation of I" in
the new coordinate system is given by u = ¢4, (v), where ¢;,(0) = ¢/, (0) = 0 and
©4,(0) # 0. Suppose, for example, that ¢} (0) < 0; that is, © points away from
the center of curvature of ' at xg. By the Morse lemma [GuSt, p.16], there exists
a diffeomorphism g,, such that v = g,,(s) and u = ., (gz,(s)) = —s%. Fix p < 0
such that |p| is sufficiently small. Solving the equations p©+t0+ = (., (v),v) with
respect to t, we find that p = —s? and t = g, (s); that is, t+(p) = gu, (£/—p),» <
0. Expanding g,,(s) in a Taylor series about s = 0, collecting the terms with even
and odd powers of s, and factoring out /—p, we get

(8.2) t+(p) = £91.20(P)V—P + 92,20 (p), P <O,
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FIGURE 7.5. Density plots of f\*) (left panel) and Dj (right
0.

18
panel). The attenuation coefficient is given by wp(x) = 0.3 if

|z| > 0.5 and p(z) =1 if |z| <0.5.

FIGURE 7.6. Central horizontal cross-section of Dy corresponding
to Figure 7.5 (right panel).

where gk 5, (p),k = 1,2, are smooth functions of p in a neighborhood of p = 0.
Since the radius of curvature of I' is finite, one can easily show, using the implicit
function theorem, that xo(#) is a smooth function of #. Since the local equation of
T, u = @u,(v), depends smoothly on zg, we conclude that ¢,, depends smoothly
on #. This implies that the diffeomorphisms v = g,,(s) also depend smoothly
on 6 [GuSt, p.17]. Moreover, the matrices of transformation from the temporary
coordinate systems, related to x¢(6),0, back to the original coordinate system
depend smoothly on 6. According to (8.2), (t—(p) +t4+(p))/2 is a smooth function
of p < 0 and z(, and the desired assertion follows immediately. O
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Finally, for convenience of the reader, we will present the result of [K1], which
was used in the proof of Lemma 2. The following is an immediate corollary to
Theorem 2.1 in [K1] or to Theorem 18.2.12 in [Hor], which describes how PDO act
on conormal distributions.

Proposition 3. Let a PDO B € CLY(R™) be a classical PDO with an amplitude
B(z,y,¢):
B(l’, Y, 5) ~ Z bk(fE, Y, e)t’y_ka
(8.3) k>0
7 ER, bi(w,y,0) € C®(R" xR" x §"71), t = [¢],0 = £/[¢].
Suppose that B(x,y,€) is even in &: B(x,y,&) = B(x,y,—£). Fiz a sufficiently

small open set U C R™ such that SNU # @, S is smooth inside U, and by(z, x, n(xq))
#0 forx e Uxg e SNU. Then one has

o bo(il?,il?,’fl(d?o)) m >~ x eith
o B = 22 [ we et
x=x0+ hn(xg) €U, 290 € SN,

where W(t,z) € C*([0,00) x U). Moreover, U admits the asymptotic expansion

dk (13)
k

(8.5) U(t,a) ~ 7 | Dy(ao) + -

k>1

, t— o0, d; EOOO(U)v

which can be differentiated with respect to t and x.
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